We compute the impact of the running of higher order density correlation functions on the two point functions of CMB spectral distortions (SD). We show that having some levels of running enhances all of the SDs by few orders of magnitude which might make them easier to detect. Taking a reasonable range for |n f N L | < 1.5 and with fNL = 5 we show that for PIXIE like experiment, the signal to noise ratio, (S/N )i, enhances to 10 4 and 30 for µT and yT toward the upper limit of n f N L . In addition, assuming |nτ N L | < 1.5 and τNL = 10 4 , (S/N )i increases to 10 12 , 10 9 and 10 5 for µµ, µy and yy, respectively. Therefore CMB spectral distortion can be a direct probe of running of higher order correlation functions in the near future.
I. INTRODUCTION
Inflationary universe has proven to be among the most successful paradigms to describe the required seed of the density perturbation. Although most of the single filed inflationary models predict an almost adiabatic, Gaussian and scale-invariant primordial spectrum, there are some scenarios which predict deviation from the above cases. Observational probes are underway to shed more lights about the Physics of the early universe by seeking any deviations from the single field inflation. Planck satellite [1] was the most recent CMB experiments to probe the Physics of inflation and it gave us valuable constraints on the amplitude of the non-Gaussianity at the CMB scale, 10 
10
−1 . These limits are hoped to be more robust using the next generation of the CMB experiments like S4. There are also many LSS surveys to probe inflation at smaller scales, 10 
O(1).
However non of them give us any information for scales smaller than few Mpc −1 . It was recently mentioned in [2] that the limits on the primordial spectrum can be extended to very small scales using the ultra compact minihalo objects (UCMHs) or the Primordial Black Holes (PBHs) which are both based on the astrophysical processes. Here we note another possibility for gaining novel information about the physics of inflation by using the CMB spectral distortion. This approach was firstly considered in [3, 4] to probe the scale dependence of the non-Gaussianity with mainly focusing on the correlation of the CMB temperature fluctuations with the chemical potential (µ) distortion. The approach was further discussed and was extended in [5] by adding y distortion in the configuration space. It was also applied as a useful tool to probe different clases of inflationary models [6] [7] [8] [9] [10] , higher order terms in cosmological perturbation [11, 13] or evolution of CMB spectral distortion [14] . Connecting further to observations, it is also required to seek for any * Electronic address: razieh.emami meibody@cfa.harvard.edu possible late time cross-correlation between the Temperature and the Compton y distortion as was done in [15] and to extract foreground obscured in constraining inflation [16] .
In an attempt to extend the current discussions in this context, here we consider the full analysis of µ and y spectral distortions in the Fourier space by allowing an scale dependent function for the bispectrum and trispectrum. This opens up the possibility of probing any shapes of bispectrum and trispectrum of the curvature perturbation. In order to do the analysis analytically, though, we consider a simple form with the power-low scale dependence for both of them. Using this simple form, we estimate the impact of running of the non-Gaussianity and trispectrum in various S/N. The paper is unfolded as the following. In Sec. II we present a short summary of the spectral distortion from the damping of the acoustic waves in the photon-baryon plasma. Then in Sec. III we compute the cross-correlation of CMB temperature with both of µ and y distortion as well as the auto-correlation of SD parameters with each other. We explicitly show how they are related to the bispectrum and trispectrum of the primordial curvature perturbations. In Sec. IV we present the S/N ratio as a systematic way to probe these signals. We conclude in Sec. V.
II. CMB DISTORTIONS
In this section we compute the chemical potential µ and Compton y distortions. Using the combination of Bose-Einstein distribution and the conservation of the total number of photons we calculate SD parameters in terms of the released energy into the plasma as, where
s ) refers to the energy injection due to the damping of the acoustic waves in the plasma. Here ρ γ (z) refers to the energy density of photon-baryon plasma and c s 1/3 denotes the sound speed inside the baryon-photon plasma. As for δ 2 γ (x) p we use Eq. (5) in [3] . Combining all of these factors and going to the Fourier space we get the following expression for µ and y distortions,
where k + ≡ k 1 + k 2 with k D referring to the diffusion damping scale as was computed in Eq. (3) of [3] . Finally using Eqs. (3), (4) we compute the ensemble averaged value of the distortions.
with ∆ 2 R (k) referring to the dimensionless power spectrum of the primordial curvature perturbation,
III. TWO POINT CORRELATION FUNCTIONS OF THE TEMPERATURE AND CMB DISTORTIONS
Having presented the general form of the SD parameters here we compute the two point correlation functions of distortions parameters either with the CMB temperature or with each other. It is more convenient to present these quantities in terms of the spherical Bessel functions as,
where ∆ l (k) j l (kr l )/3, is the Radiation transfer function and we have used the Sachs-Wolfe approximation.
Here r l is the distance from the last scattering surface, r l = 14Gpc while j l is the spherical Bessel function.
In addition we have,
Using the above forms of a lm we can compute all of the two pints correlation functions. Since the results are proportional to bispectrum and trispectrum of the curvature perturbation, we first present a simple scale dependent model for computing them. It is interesting to evaluate how does the correlation functions change for different parameters of the model.
A. Primordial Bispectrum and Trispectrum
Here we take a simple and generic parametrization for the scale-dependent non-Gaussianity as was presented in [17] [18] [19] ,
where we have defined,
here ξ f N L refers to the strength of bispectrum while ξ m denotes the ratio of the contribution of each field in the matter power spectrum. We choose k 0 = 0.002M pc
as the pivot scale for the CMB. In addition n f N L and n m denotes the running of the bispectrum and power spectrum, respectively. In addition, the scale dependent trispectrum is given by,
where we have |k 13 | ≡ |k 1 + k 3 | and with ξ τ N L ,
As a comparison, in the "single field" case we have
However, in the more generic case, we have two free parameters, n f N L and n τ N L which describe the scale dependence of bispectrum and trispectrum, respectively. We ignore any non trivial scale dependence for the power spectrum which means putting n m = 0 in what follows. We can simplify the above expression using the squeezed limit for the bispectrum, k 3 k 1 k 2 , and the collapsed limit for the trispectrum, k 12 0. In this limiting case we get,
where shows that we have removed (2π)
. In addition, we have only presented the dominant contributions for both of the correlation functions. which are two terms for the bispectrum at the squeezed limit and four terms for the trispectrum in the collapsed limit.
We also work with the following form for
here the index p refers to the pivot scale. As for the power spectrum, we assume the following sale dependence for the ∆ 2 R (k), 
Using the above expressions, we compute C µT l and C yT l as,
where we have defined Γ f ≡ (n s − 1 + n f N L ). From Eq. (20) it is clear that the cross correlation of the CMB temperature and distortion parameters is linearly proportional to the value of f N L . In addition, it also depends on the running of the non-Gaussianity.The ratio of the C µT l and C yT l is computed as,
It is worth to compare our results with [5] where we did not consider the evolution of the spectral distortion into account. As we see depending on the value of Γ the ratio µT and yT can deviate from unity. In order to better see this in figure 1 we present the behavior of Eq. (21). Here we use the most recent CMB constraints on running of the non-Gaussianity which was performed in [12] . As we do not exactly specify the primordial inflation we present all of the observational constraints in this plot. From the plot we explicitly see that the ratio depends on the running of the non-Gaussianity and it can be bigger than one for negative values of n f N L while get smaller and smaller for positive running. This makes sense as for negative running of non-Gaussianity µ distortion is smaller than y distortion taking into account that 50
is pushed toward smaller scales as compared with the 1 ≤ k y /Mpc −1 ≤ 50. as a function of n f nl for different ranges of n f nl coming from the CMB experiment.
C. Auto/Cross correlations of distortion parameters
In this section, we compute the two point and crosscorrelation of distortion parameters with each other. This includes µµ, µy andyy,
where we have defined Γ g ≡ (n s − 1 + n τ N L ). The situation is quite similar to µT and yT as we discussed above.
IV. DETECTABILITY OF THE CMB DISTORTION ANISOTROPIES
Here we estimate the detectability of the CMB distortion in future observations. We start with presenting an estimator for C l ,
It can be shown that under the null hypothesis the variance for this estimator is given as [20, 21] ,
where C XX,N l refers to the noise power spectrum of the observation. Its exact form depends on the type of the experiment. Here we focus on PIXIE observation,
where l max 84 and we have also defined w However for the temperature fluctuations we assume that the signal is much higher than the noise. Having presented the variance as well as the noise, in the following, we estimate the signal to noise ratio for each of the above correlation functions.
Let us start with the µT cross-correlation function.
Next we compute the S/N for yT cross-correlation function,
In figure 3 we present S/N for Eqs. (27) and (28) in terms of the running of non-Gaussianity. Here we have chosen f p N L = 5. For the first time we directly see the enhancing profile of S/N that occurs with increasing the running of non-Gaussianity. That highlights the importance of deviating from the scale invariant non-Gaussianity as was estimated before.
Next we compute S/N for the auto/cross correlation of the SDs with each other.
Let us begin with µµ, We continue with computing yy, S N ,yy = 9.9 × 10
Finally we calculate S/N for µy,
In figure 4 we present the behavior of S/N for µµ, µy and yy. Here We choose τ p N L = 10
4 . This is compatible with the recent constraints on trispectrum in [1] . Interestingly S/N is enhances a lot by increasing the running of trispectrum. the running and get enhanced by few other of magnitude upon changing the running in a reasonable range. We also computed the signal to noise ratio for all of the above correlation functions. It is shown that S/N is a sharp function of the running. It start from very small values for negative running but get enhanced by few other of magnitude for positive values. Therefore spectral distortion can possibly break the degeneracy between the positive and negative scale dependencies. In addition, it gets so large that can be used as a natural way to measure the running of bispectrum and trispectrum in the near future distortion experiments like PIXIE or possibly PRISM.
